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2
Basic Finite-Difference Methods

f(x) do not constitute a well-posed
0o, t > 0.

As discussed in the preceding chapter, there are two conceptually different ways
to represent continuous functions on digital computers: as a finite set of grid-
point values or as a finite set of series-expansion functions. The grid-point ap-
proach is used in conjunction with finite-difference methods, which were widely
implemented on digital computers somewhat earlier than the series-expansion
techniques. In addition, the theory for these methods is somewhat simpler than
that for series-expansion methods. We will parallel this historical development by
studying finite-difference methods in this chapter and deferring the treatment of
series expansion methods to Chapter 4. Moreover, it is useful to understand finite-
difference methods before investigating series-expansion techniques because even
when series expansions are used to represent the spatial dependence of some at-
mospheric quantity, the time dependence is almost always discretized and treated
with finite differences.

The derivative of a function f(x) at the point xo could be defined in any of the
following three ways:
af . flxo+ Ax) — f(xo)

il = 1
dx(xn) A.\lrr—r»lo Ax

2.0

af .. f(x0) — f(xo — Ax)
E(x()) - AI;TO Ax ’ (=)
df f(xo+ Ax) — f(xo — Ax). 23)

e =1
dx (x0) A;E:O 2Ax

If the derivative of f(x) is continuous at xp, all three expressions produce the
same unique answer. Suppose, however, that f is an approximation to some dif-
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ferentiable function that is defined on a discrete grid; then the preceding expres-
sions must be evaluated using a finite value of Ax. The approximations to the true
derivative obtained by evaluating the algebraic expressions on the right side of
(2.1)-(2.3) using finite Ax are known as finite differences. The basic idea behind
finite-difference methods is to convert the differential equation into a system of
algebraic equations by replacing each derivative with a finite difference.

When Ax is finite, the finite-difference approximations (2.1)~(2.3) are not equiv-

alent; they differ in their accuracy, and when they are substituted for derivatives in
differential equations they generate different algebraic equations. The differences
in the structures of these algebraic equations can have a great influence on the
stability of the numerical solution. In this chapter, we will examine the stability
and accuracy of basic finite-difference methods.

2.1 Accuracy and Consistency

The exact derivative can be calculated to within an arbitrarily small error using
any one of (2.1)-(2.3) by insuring that Ax is sufficiently small. However, since
computer capacities always place a practical limit on the numerical resolution, it is
necessary to consider the case when Ax is small but finite and to inquire whether
one of the finite-difference formulas (2.1)—(2.3) is likely to be more accurate than
the others. If f(x) is sufficiently smooth, this question can be answered by ex-
panding the terms like f(xp + Ax) in Taylor series about xo and substituting
these expansions into the finite-difference formula. For example, when

d Ax)? d? Ax)? d3
fxo+ Ax) = f(x0) + Axaé(xo) g ;) d—é(xo) + (—g)—;%(xo) goues
is substituted into (2.1), one finds that
_ 2 Ax)2 4
f(xo + Ax) — f(x0) -ﬂ(m) _ Axd f(X0)+( x) _f(x0)+..., @2.4)

Ax dx 2 dx? 6 dx3

The right side of (2.4) is known as the fruncation error. The lowest power of
Ax in the truncation error determines the order of accuracy of the finite differ-
ence. Inspection of its truncation error shows that the one-sided difference 2.1)is
first-order accurate. In contrast, the truncation error associated with the centered
difference (2.3) is

2 53 A 4d5
(Ag) %;J;(xo)+( M i PR

120 dx’
and the centered difference is therefore second-order accurate. If the higher-order
derivatives of f are bounded in some interval about xo (i.e., f is “smooth’.') and
the grid spacing is reduced, the error in the second-order difference (2.3) will ap-
proach zero more rapidly than the error in the first-order difference (2.1). The fact
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that the truncation error of the centered difference is of higher order does not,
however, guarantee that it will always generate a more accurate estimate of the
derivative. If the function is sufficiently rough and the grid spacing sufficiently
coarse, neither formula is likely to produce a good approximation, and the supe-
riority of one over the other will be largely a matter of chance.

Higher-order finite-difference approximations can be constructed by including
additional grid points in the finite-difference formula. Suppose, for example, that
one wishes to obtain a fourth-order approximation to df/dx by determining the
five coefficients a, b, . . ., e that satisfy

Z{—(Xo) =af(xo + 2Ax) + bf (xo + Ax) + cf (x0)
+d f(x0— Ax) + ef (x0 — 2Ax) + O [(Ax)“]. @2.5)

Expanding f(xo £+ Ax) and f(xo = 2Ax) in Taylor series, substituting those
expansions into (2.5), and equating the coefficients of like powers of Ax yields
five equations for the unknown coefficients:

at+b+c+d+e=0,
2a +b—d—2e=1/Ax,
4a+b+d+4e=0,
8a+b—d—8e=0,
16a+b+d+ 16e =0.

The unique solution to this system requires ¢ = 0 and yields an approximation to
the derivative of the form

ﬂ(x)_‘_*(f(onrAx)—f(xo—Ax))
dx VT3 2Ax
*1 f(xo+ 2Ax) — f(xo — 2Ax) 4
3 ( o ) +0 [(Ax) ] (2.6)

Similar procedures can be used to generate even higher-order formulae, off-cen-
tered formulae, and formulae for irregular grid intervals.

As an alternative to the brute force manipulation of Taylor series, the derivation
of higher-order finite-difference formulae can be facilitated by the systematic use
of operator notation and simple lower-order formulae. A simpler derivation of
(2.6) may be obtained by defining a finite-difference operator 4, such that

f(x+nAx/2) — f(x —nAx/2)

Onx f(x) == nAX 2.7
Using this notation, the second-order centered difference satisfies
df (Ax)*d*f i
s = 2L BOEL o Tany], .
wf = o+ o5 + 0|8 2.8)



















































































































































































































