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Vorticity equation 2

Why did Charney call it PV?
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The Vorticity Equation

( ) ( )equation momentumx equation momentumy 
dy
d

dx
d

dt
d
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ζ

Want to understand the processes that produce changes in vorticity. 
So derive an expression that includes the time derivative of vorticity:
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Recall that the momentum equations

directiony in  forces of Sum

directionin x  forces of Sum

=

=

dt
dv
dt
du

Thus we will begin our derivation by taking

Equivalently, we could use the vector form, and compute the curl of 
the vector momentum equation
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Vorticity equation
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We will work in Cartesian coordinates
The addition terms for spherical earth come out more naturally in vector form
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Vorticity equation (continued)

Thus the vorticity equation,
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Physical intuition?
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Terms in vorticity equation
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A: Rate of change of absolute vorticity following the fluid motion

B: Effect of horizontal velocity divergence on vorticity
C: Transfer of vorticity between horizontal and vertical components

(“twisting term” or “tilting term”)

D: Effects of baroclinicity (“solenoidal term”)

A B C D

For pressure coordinates, solenoidal term disappears 
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In practice, solenoidal quite term is small in height coordinates too
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local tendency 
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vertical 
advection of 

absolute 
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Absolute vorticity (term A)
Expanding, the rate of change of absolute vorticity is written 

f = 2Ω sinφ. Being independent of x and z, we can write
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Absolute vorticity change due to (3d) advection of relative 
vorticity, and meridional advection of planetary vorticity
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Effect of horizontal velocity divergence on vorticity
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•Vorticity will decrease if absolute vorticity is positive
•Vorticity will increase if absolute vorticity is negative.

0<







∂
∂

+
∂
∂

y
v

x
uConvergence

• Vorticity will increase if absolute vorticity is positive
• Vorticity will decrease if absolute vorticity is negative.

Consider vorticity of a region being squished into a smaller area.
This mechanism is quite important for large-scale midlatitude systems.

Stretching/divergence (term B)

Transfer of vorticity between horizontal and vertical components









∂
∂

∂
∂

−
∂
∂

∂
∂

−
z
u

y
w

z
v

x
w

Vertical shear in of v wind is gives shear 
vorticity about an east-west axis. 
(consider “paddle” rotating around the solid 
vorticity vector – here ζ is zero)

East-west variations in the vertical velocity 
tilts the vector to be more vertical (dashed 
vorticity vector). 

This new vector has a vertical component, 
and thus ζ is non zero.
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Vorticity generation due to baroclinic structure
(density function of pressure and temperature)
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For a uniform pressure gradient, 
horizontal variations density means there 
is a non-uniform acceleration due to the 
pressure gradient force.

Variations in acceleration produce 
vorticity dζ/dt ~ d(PGFy)/dx. 

This can occur in a baroclinic atmosphere, 
but is absent in a barotropic atmosphere 
(or isentropic flow)

Solenoidal term (term D)
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Thought experiments

• The solenoid term disappears in 
pressure coordinates. Why?

Pressure variations along 
pressure surfaces… is zero

• The solidnoidal AND tilting 
term disappears in isentopic
coordinates. Why?

Adiabatic condition, means no 
vertical motion – so certainly 
no sheer in it!
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For dry adiabatic flow…
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Recall vorticity advection
Advection of relative vorticity: kU(k2+l2) A coskx cosly
Advection of planetary vorticity: -bk A coskx cosly

• The advection of relative vorticity dominates for short waves
• Advection of planetary vorticity dominates for small waves

(thus confirming what was seen in the project, small waves 
move slower when there is only advection)

• Given a westward mean flow, expect, short waves (individual 
lows, etc) tend to move eastward, while longer waves tend to 
move westward
(in proactive long wave linked to topography and land se 
contrast, to tend not to move very much at all)

• This can be all seen with the barotopic model


