
Pressure, mass and energy



Recall: Thickness and temperature
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H is the “scale height”

Conclude that the thickness between isobaric layers is an 

measure of the mean temperature



Temperature and height thickness
T850 and Z500-Z1000, 1 January 2003.

Kelvin meters



Temperature and pressure thickness
T850 and Z500-Z1000, January mean 2003.

Kelvin meters



Last week exercise solution
• (Holton 1.13) What difference in temperature corresponds to 

a thickness contour interval of 60 m?
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(proportional to difference in T)

With Z = 60m, evaluate T~ 3K



Pressure height
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From hypsometric equation, we can write the change in height 

as a function of log pressure, given pressure at Z = 0 is p0

Pressure decreases logarithmically with height

Increase in altitude by one scale height (H) decreased pressure by a factor of 1/e

Scale height on Earth is about 8km. (recall H = R<T>/g0)

H ~ 11 km on Mars, 15 km on Jupiter, 100 km on Venus!)

What about moon?



Distribution of geopotential height

Vertical coordinate is (linear) pressure

Shading interval almost linear

Vertical coordinate is log pressure

What about the ground? What is the surface pressure?



Temperature in pressure coordinate
Pressure coordinate Log pressure ~ height

Pressure coordinate emphasizes temperature of air mass, 

while log pressure gives a sense of geometry/scale

Shading interval almost linear

(constant lapse rate, dT/dz)

Half by mass

Half by mass



(p/ x)z

Pressure coordinate
• Since pressure and height closely related, we can choose to 

use pressure as a vertical coordinate rather than height
• Thus state: (p), T(p), rather than p(z), T(z)
• However, we need to account for slope of pressure field with 

respect to height coordinate 
• Consider horizontal pressure gradient. 

Derivatives now along surfaces of constant pressure rather 
than constant height

* Notice density disappears!
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Pressure and height near surface
MSLP and Z1000, 1 January 2003.

hectopascal meters

Source: NCAR/NCEP Reanalysis (CIRES-CDC website)



Pressure and height near surface
MSLP and Z1000, January mean 2003.

hectopascal meters

Source: NCAR/NCEP Reanalysis (CIRES-CDC website)



Pressure and height

• In these plots, how are the units 
(contour intervals) related?

• From hydrostatic equation, dp = -g dz

• g is about 10m/s2, density is about 1kg/m3 at 
the surface.

• So contours:
dp = 5hPa gives dz ~ -500/(10x1) = -50 m
(notice minus sign)



Pressure and height near surface
MSLP and Z1000, 1 January 2003.

dp = 5 hectopascal, 500 Pa dz = 25 meters 

(About double the number of contours!)

Source: NCAR/NCEP Reanalysis (CIRES-CDC website)



Generalized vertical co-ordinate
• A coordinate must be monotonic, otherwise we are free to choose what 

is most convenient. e.g., z, p, lnp, p/ps, . 

• Some choices simplify the equations, while others emphasize certain 
physics

• To transform coordinates, we need to account for variations between 
the old and new system in each direction
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Using same method can translate to any 

appropriate coordinate

(Note exercise is to show this for p!)
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Mass changes for a volume
(Continuity)

• Consider an Eulerian parcel (fixed in space, and of fixed volume)

• Mass moves into the volume on one side and out of the other. 
Mass flux per unit area is F=u  (units kg/m2/s)
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What about energy changes?
Recall some thermodynamic principles

• A small (infinitesimal) parcel of air is homogeneous, 
while atmosphere as a whole is heterogeneous

• Parcel can exchange energy with the environment:
1. the parcel to do work on the environment
2. the parcel can be heated by direct energy exchange 
across its “walls” 
(e.g. absorption of radiation, thermal conduction…)

• First law of thermodynamics: dJ = de + dW
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Work done by expanding parcels
• Work is defined as resulting from the need to apply force 

during some displacement: dW = Fds

• Since pressure is p=F/A, for an expanding parcel, 
dW=pdV     or dw=pda per unit mass 

(where a is reciprocal of density)

Integrating between 

known volume changes, 

total work is ….
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Temperature changes
• From first law for an ideal gas changes in internal energy (de) 

are seen as proportional changes in temperature (dT)
– (This is true for most of the atmosphere where the role of heating by 

chemical reactions plays a small role e.g., anywhere below the 
thermosphere)

• Temperature change proportional to heat added

Heating can occur at constant volume or constant pressure. Thus heat 

capacities cv and cp. So, we may write the conservation of energy as:

dJ = cvdT + pda

dJ
c

dT
1


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Energy conservation for a parcel
• Consider a Lagrangian control volume (mass constant)

• Total energy is internal (i.e., heat, T) plus kinetic: e + (VV)/ 2

• Work is done on the parcel, by pressure gradient force 
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Thermodynamic equation

J
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Temperature changes following the motion due to direct heating (J) minus the 

work done on the environment

Temperature at a (Eulerian) point changes, in a pressure coordinate, because…
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Zonal mean net diabatic heating (J)

Peixoto and Oort, Physics of climate, p 321.
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Zonal mean heating terms

Peixoto and Oort, Physics of climate, p 321.



Exercises for next class

• Prove the pressure gradient force on a height coordinate 
is equivalent to a geopotential gradient on a pressure 
coordinate. i.e., -1/ (dp/dx)z = -(d/dx)p

(Hint: Use equation 1.27 to arrive at equation 1.25)

• Derive the continuity equation using a Lagrangian
perspective rather than the Eulerian perspective.
(i.e. consider changes in density due to volume changes 
rather than mass changes)

• Holton2.6 (preview for next class)

• Holton 2.7 (another preview for next class)


